A two-dimensional frictionless contact problem for a parabolic indenter pressed against an orthotropic elastic strip resting on a frictionless rigid substrate is studied. The sixth-order asymptotic solution is obtained in the case of a relatively small contact zone with respect to the elastic strip thickness. The so-called cylindrical lateral indentation test, which utilizes lateral contact of a cylindrical indenter, is developed for indentation testing of a thin transversely isotropic film with the symmetry plane orthogonal to the contact plane under the assumption that the film thickness is small compared to the cylinder indenter length. The presented testing methodology is based on a least squares best fit of the second-order asymptotic model to the depth-sensing indentation data.
Introduction
Indentation tests have been shown to be useful both in assessing viability of biological tissues (such as articular cartilage (Korhonen et al., 2003) ) and identification of their mechanical properties (Dimitriadis et al., 2002) . In recent years, the atomic force microscopy (AFM) indentation has become an important technique for quantifying the mechanical properties of soft polymers (Liao et al., 2010) and biological materials (Stolz et al., 2009) .
It is well known (Pandolfi and Vasta, 2012 ) that many biological materials are characterized by anisotropy. Moreover, most load-bearing tissues like heart, ligament, and blood vessels are highly anisotropic, and the underlying structure is distinct and essential for function. The dependence of elastic moduli on the orientation in such a tissue is often determined by the orientation of collagen fibrils. For example, transverse isotropy is observed in nanofibrillar collagen scaffold (see Fig. 1 ) that mimic the structure of collagen organization in blood vessels (Huang et al., 2013) . Mechanical properties of small specimens of soft materials can be determined by depthsensing indentation technique (Fischer-Cripps, 2004 ) based on the load-depth data of the entire loading protocol. In particular, flat-ended cylindrical (Choi et al., 2008) , spherical (Dimitriadis et al., 2002) , conical (Pelletier et al., 2006) , and pyramidal (Borodich et al., 2003; Giannakopoulos, 2006) indenters are widely used, and the corresponding analytical or numerical solutions are employed. Implicit methods to determine the indentation modulus of anisotropic materials with spherical and flat-ended cylinder indenters originate from the pioneering work of Willis (1966 Willis ( , 1967 and Nix (1993, 1994) , who simplified Willis' solution and provided implicit solution schemes for other indenter shapes. In particular, a Rayleigh-Ritz approximation to the contact area and the loadindentation relation was developed by Vlassak et al. (2003) to evaluate the equivalent indentation modulus by spherical and conical indenters. An explicit solution for the indentation moduli of a semi-infinite general orthotropic medium under conical indentation in the three principal material symmetry directions was proposed by Delafargue and Ulm (2004) .
The majority of the available analytical solutions of contact problems were obtained for an isotropic elastic half-space or a transversely isotropic half-space with the plane of isotropy parallel to the contact plane (Sveklo, 1964; Ding et al., 2006) . With respect to indentation testing of thin films, the thickness effect plays an important role in the accurate assessment of the film moduli (Hayes et al., 1972; Argatov and Sabina, 2013) . The transverse anisotropy of samples requires the development of novel analytical solutions to address the thickness effect.
In the present work, we consider the so-called cylindrical lateral indentation test, which utilizes lateral contact of a cylindrical indenter (see Fig. 2 ). Such a test can be approximately modeled in the framework of the two-dimensional contact model for an orthotropic elastic strip. It should be mentioned that in contrast to the three-dimensional Hertzian theory, which provides a complete solution of the indentation problem for an elastic half-space and a paraboloidal indenter, the two-dimensional Hertzian contact theory, being applied to an elastic half-plane and a rigid parabolic indenter, does not allow to determine the indenter displacement. This paradox was resolved in the framework of asymptotic modeling approach (Argatov, 2001) . Namely, because of the finite thickness of the anisotropic coating, it is possible to derive asymptotic expressions for the indenter displacement.
Recently, Batra and Jiang (2008) have reviewed the state-of-the-art in analytical solutions of contact problems for anisotropic materials. Using Stroh's formalism, they studied the two-dimensional indentation problem for an anisotropic elastic layer. Very recently, Greenwood and Barber (2012) reconsidered the two-dimensional contact problem for a parabolic (cylindrical) indenter and an isotropic elastic layer by utilizing Green's function approach. A two-dimensional contact problem for an orthotropic elastic strip and a parabolic indenter was studied in (Aleksandrov, 2006; Erbaş et al., 2011) by asymptotic methods. Here we extend the previous asymptotic analysis and employ the results obtained in the development of the depth-sensing indentation test. Novelty of the presented asymptotic approach is based on the method of integral characteristics of the contact pressure distribution previously developed (Argatov and Sabina, 2013) in the three-dimensional case and, in view of the specificity of the two-dimensional case, additionally utilizes the orthogonality property of the Chebyshev polynomials. It is important to note that the employed asymptotic approach assumes that the film thickness h and the indenter radius, R, should be small compared to the cylinder indenter length, l, in order to apply a two-dimensional approximation for the stress-strain state beneath the indenter (see Fig. 4a ). The case, when the indenter cylinder makes contact with an elastic half-space over a slender contact area (so that both inequalities l R and h l hold), was considered by Nayak and Johnson (1979) under the assumption that the pressure distribution is semi-elliptical in the transverse direction. On the other hand, in order to apply a perturbation technique for solving the indentation problem, the contact zone size, a, is assumed to be small compared to the elastic film thickness, h, (see Fig. 4b ). The rest of the paper is organized as follows. In Section 2, a governing integral equation of the two-dimensional indentation problem for an orthotropic elastic strip is formulated based on the previously obtained results of Aleksandrov (2006) . In Section 3, following Argatov and Sabina (2013) , we develop a new asymptotic method for solving the unilateral contact problem for a parabolic indenter with a priori unknown contact zone. The new results, in particular, are obtained with respect to the displacement-force relationship in Section 4. In Section 5, we actually consider the indentation test and outline the corresponding anisotropic materials properties evaluation procedure. Finally, in Section 7, we present a discussion of the results obtained and formulate our conclusions. Further, recall that the stress components can be expressed in terms of the Airy function as
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At that, the single deformation compatibility equation reduces to the following partial differential equation for the Airy function:
We consider two cases, which differ by the orientation of the indenter cylinder with respect to the longitudinal axis of the transversely isotropic material. Namely, in the longitudinal case the indenter cylinder is parallel to the axis of material symmetry, while in the transverse case it is parallel to the plane of isotropy and thus perpendicular to the material symmetry axis.
In the longitudinal and transverse cases, Eqs. (2) and (3), respectively, yield
It is assumed that A > 0 and B > 0. Note also that the notation A and B is consistent with the notation E and reflects the orientation of the indenter cylinder to the axis of material symmetry.
In what follows, we consider a two-dimensional contact problem for an orthotropic elastic strip deposited on a rigid substrate. Under the assumption of frictionless contact between the elastic layer and the rigid substrate (i. e., u 2 = 0 and σ 12 = σ 32 = 0 at x 2 = −h) as well as between the elastic strip and a parabolic indenter, the two-dimensional contact problem can be reduced to the following integral equation (Aleksandrov, 2006) :
Here, q(x) is the contact pressure, w is the indenter displacement, a is the half-width of the contact area, which is a priori unknown, R is the radius of the cylindrical indenter, K(t) is the kernel of the integral equation given by
In turn, the kernel function L(u) and the elastic constant θ on the right-hand side of Eq. (7) are determined by the relation between the constants A and B, which enter Eqs. (4), as follows (Aleksandrov, 2006) :
At that, the elastic constant γ depends on the indenter orientation as
We emphasize that formulas (7) - (11) hold true for an orthotropic elastic strip under the appropriate choice of the elastic constants A and B.
Because transversely isotropic materials are characterized by five independent elastic constants (namely, E, E , G , ν, and ν ), the transverse Young's modulus E , Poisson's ratios ν and ν , and two dimensionless ratios E /E and G /G = 2(1 + ν)G /E will be regarded as primary elastic parameters.
The equilibrium equation gives
where P is the contact force, l is the cylinder indenter length, P = P/l is the contact force per unit length.
Finally, the contact size parameter a should be determined from the condition that the contact pressure q(x) vanishes at the end points x = ±a being positive inside the contact zone for x ∈ (−a, a).
Note that the governing integral equation (7) is a Fredholm integral equation of the first kind, and its solvability was investigated in a number of studies (Vorovich et al., 1974; Erbaş et al., 2011) . In the present paper, we obtain an asymptotic solution of Eq. (7) by utilizing integral characteristics of the kernel function (8). In particular, the sixth-order asymptotic solution is written out in the closed form.
Asymptotic solution for a relatively small contact zone
Under the assumption that the size of the contact zone is small compared to the layer thickness, an asymptotic solution can be based on the following expansion (Aleksandrov, 2006; Vorovich et al., 1974) :
Here the coefficients d n are given by
In view of (14), Eq. (7) can be transformed into the following one:
Here we introduced the notation
Our approach to the solution of the integral equation (17) is based on the following formula for Chebyshev polynomials of the first kind (Vorovich et al., 1974) :
First, we replace the functions (18) in terms of the Chebyshev polynomials as
where ξ = x/a, ξ = x /a, and λ = h/a is a large parameter. Now, the substitution of (21) into the integral on the right-hand side of Eq. (17) yields
+ 15d 3 32λ 6 (2Q 4 + 16Q 2 + 15P)
Here we introduced the notation
Thus, in view of (22), the right-hand side of Eq. (17) can be expressed in terms of the constants P , Q 2 , Q 4 ,. . . , which are integral characteristics of the contact pressure tensity.
Further, following Argatov and Sabina (2013) and applying formula (19) and the orthogonality of the Chebyshev polynomials, we derive the following equations:
Q 6 = 3d 3 32λ 6 P + . . . .
Observe that the asymptotic expansions (22) -(26) contain only the first four asymptotic
Now, in view of the first formula (18), we will have
On the other hand, according to Vorovich et al. (1974) , Eq. (18) is equivalent to the integral equation
Thus, taking into account the asymptotic expansion (21), we derive from Eq. (28) that
where we introduced the notation ξ = x/a and
In view of (24) - (26), formula (29) takes the form
The condition that the contact pressure (31) should be equal to zero at the ends of the contact interval implies the following approximate (up to terms of order O(ε 8 )) equation:
Furthermore, in view of (24) - (27), Eq. (23) with the accuracy up to sixth order terms in ε, including, can be written as
In turn, taking into account Eq. (33), we can simplify formula (31) as follows:
Note that formula (34) is in agreement with the fourth-order asymptotic solution obtained previously in (Vorovich et al., 1974; Aleksandrov, 2011) . Correspondingly, Eqs. (32) and (33) agree with the respective equations in (Vorovich et al., 1974) . Finally, formula (31) can be derived from a general result for an arbitrary function f (x) in Eq. (17) obtained by (Aleksandrov, 2006 ) (see Eq. (3.6) in his work).
Asymptotic approximation for the displacement-force relationship
For relating the contact force P = lP to the indenter displacement w and the contact zone size a, we derived two equations (32) and (33), the first of which is asymptotically equivalent (up to terms of order O(ε 8 )) to the following equation:
Here, in view of (13), we introduced the auxiliary notation
It is to emphasize that ρ is a dimensionless parameter.
By asymptotically inverting Eq. (35), we obtain
Now, the substitution of (37) into Eq. (33) yields
Finally, substituting the asymptotic expression (35) into Eq. (38), we arrive at the following relation between the indenter displacement and the relative size of the contact zone:
Note that the sixth-order asymptotic expansions (35) and (38) allows to obtain also the next asymptotic term in (39). Formula (38) agrees with the zeroth-order asymptotic model developed in (Argatov, 2001 ) in a more general situation.
In the case of an isotropic layer resting without friction on a rigid foundation (unbonded layer), we have θ = 0.5E , where E = E/(1−ν 2 ) is the plane strain modulus, E and ν are Young's modulus and Poisson's ratio, respectively. According to Vorovich et al. (1974) , the asymptotic constants d 0 , d 1 , . . . do not depend on the elastic properties and can be calculated by formulas (15) and (16), where Figs. 7 and 8 present the comparison of the numerical solution obtained by Greenwood and Barber (2012) in the isotropic case with the asymptotic approximations based on formulas (39) and (38), respectively. The order of asymptotic approximation is determined by the highest subscript of the asymptotic constants d 0 , d 1 , d 2 , d 3 used in the asymptotic approximation. It was observed (Greenwood and Barber, 2012 ) that the zeroth-order approximation Rw = a 2 ln(2.320h/a) is good up to a/h ≈ 0.2, whereas Fig. 7 shows that the range of validity of the first-order approximation increases up to a/h ≈ 1. Note also that the forth-order asymptotic solution for the isotropic case was recommended for use in the range h/a ≥ 2 (Vorovich et al., 1974) . 
Application to indentation testing
Our depth-sensing indentation method is based on the asymptotic formula (38), which can be rewritten as follows:
Observe that while the parameter w 0 is determined solely by the geometry of both the elastic sample and the rigid indenter, the parameter P 0 depends on the elastic constant θ, which, in the case of indentation testing, is not known a priori.
In the longitudinal case (indenter is oriented along the fibers), according to Eqs. (5), (10), (12), and (15), we find that the asymptotic constants d 0 , d 1 , . . . are independent of elastic properties of the sample and are evaluated as follows:
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At that, the elastic constant entering the first formula (41) is given by
where
The obtained analytical solution in the longitudinal case are illustrated by Figs. 9 and 10. These figures differ by the choice of the independent variable: the contact zone size (Fig. 9 ) and the indenter displacement (Fig. 10) .
It should be emphasized that because formula (40) was obtained under the assumption of small contact, the indentation depth w should be relatively small compared with the sample thickness h. The last condition depends also on the indenter radius R and is governed by the dimensionless quantity 4Rw/h 2 (see Eq. (39)). This is shown with an illustrative example of a relative indentation depth of 20% in Fig. 9 . Relative contact size / a h   Figure 9 . Variation of the indenter displacement (dashed line) and the contact force (solid line) against the size of the contact zone in the longitudinal case.
In the transverse case (indenter is perpendicular to the fibers), formulas (6) can be rewritten as
It is to note that the relationship between (A ⊥ ) 2 and B ⊥ , and correspondingly the choice of the kernel function L(u) from formulas (9) and (11) (7) and (8) derived by Aleksandrov (2006) ). Because a continuous shift in d 0 and d n is required when solving the inverse problem of material parameter identification, the following new normalization is adopted:
At that, the corresponding elastic constant θ in Eqs. (8), (17), (36), and (41) is evaluated as
where the value of γ is given by (12).
Further, recall that even in the isotropic case, the evaluation of Young's modulus of an elastic sample by frictionless indentation, generally speaking, requires the knowledge of Poisson's ratio of the sample (Fischer-Cripps, 2004 ). Accordingly, we will assume that Poisson's ratios ν and ν are known in advance, and the problem of material parameters identification reduces to the evaluation of three elastic constants E, E , and G .
It is clear that, because the asymptotic constants (43) are independent of the material properties, in the longitudinal case, fitting the experimental data for the forcedisplacement relationship with the analytical approximation (40) allows to determine only one elastic constant θ || .
In the transverse case, by fitting the experimental depth-load data with the analytical approximation (40), one can determine the elastic constants n, m, and
where P ⊥ 0 is the corresponding best-fit value for P 0 in (40).
Thus, in view of (12), we obtain
Formulas (50) and (51) solve the formulated above material properties identification problem.
Application to indentation testing of a collagen layer
To illustrate the outlined identification procedure, we consider the cylindrical lateral depth-sensing indentation of a collagen coating freely deposited on a glass substrate with the fibril direction perpendicular to the cylinder axis (see Fig. 5 ). The collagen membrane thickness is approximately 5 µm. The indenter cylinder length is about 18 µm, and the cylinder diameter is 6 µm.
In particular, the experimental data was fitted with the following three approximations:
Here,w = w/w 0 andP = P/P 0 .
Correspondingly, under the assumption that ν = ν = 0.45, the following best-fit values were obtained: θ (54). Now, using the first two formulas (51), we get three approximations for the longitudinal elastic modulus as follows: E 0 = 94.6 MPa, E 1 = 139.6 MPa, and E 2 = 136.2 MPa. of the approximation (40) are independent of the material properties, by formulas (42) and (43), we obtain D (Andrianov et al., 2003; Argatov, 2011 ) that the range of applicability of asymptotic formulas reduces, while their accuracy increases. That is why, because in real indentation tests, the relative size of the contact zone is not sufficiently small, the practical application of formula (53) is recommended.
Discussion and conclusions
It should be emphasized that formulas (9) -(11) hold true only in the case of frictionless bilateral contact between a transversely isotropic elastic layer and a rigid substrate.
At the same time, the asymptotic solution obtained in Section 3 will be also valid in the case of an elastic layer attached to a rigid substrate, provided the corresponding solution is obtained for the kernel function L(u) in (10).
The proposed indentation material parameters identification method utilizes the depthload indentation data for the cylinder indenter oriented orthogonal to the fiber direction only. If the depth-load data are available for the other indenter position (along the fiber direction), they can be used for verifying the predicted value of the transverse modulus E.
Finally, we would like to emphasize that the proposed material identification method has several limitations (some of them were discussed previously). In particular, both Poisson's ratios must either be assumed -as it is often the case in the indentation testing of biological materials (Ebenstein and Pruitt, 2006 ) -or determined a priori by a secondary different type of test. In the three-dimensional case of an isotropic elastic layer, Jin and Lewis (2004) developed an approach, which utilizes different-sized flat-ended cylindrical indenters. However, as far as we know, the extension of this method to other indenter configurations as well as to the case of material anisotropy is an open question.
Recall that the constructed asymptotic solution assumes that the contact zone size, a, is small compared to the elastic film thickness, h. On the other hand, the film thickness h should be small compared to the cylinder indenter length, l, in order to apply a twodimensional approximation for the stress-strain state beneath the indenter. We emphasize that while the ratio h/l is determined solely by the film and indenter characteristic sizes, the ratio a/h depends on the indentation depth (see Fig. 9 ).
In the present paper, the sixth-order asymptotic model for the frictionless unilateral contact of a cylindrical indenter is constructed in the framework of the two-dimensional elasticity theory. Explicit asymptotic formulas are derived in Section 4 for the relationship between the load and the contact size (see formulas (35) and (37)) as well as for the relations of the indenter displacement to the contact load (see formula (38)) and to the contact size (see formula (39)). The results obtained can be applied for the development of cylindrical lateral indentation tests for elastic samples thin compared to the cylinder indenter length.
